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We classify embeddings of the finite simple groups PSL(2, 41) and PSL(2, 49) into
algebraic groups of type E8 in characteristic not dividing the orders of these respective
groups. Lie theory and finite group theory point to families of elements in a group of
type E8 over a finite field which might satisfy a presentation for our finite simple group.
Techniques from computational representation theory identify all suitable systems of
generators. We describe a number of methods of computation in Chevalley groups of
type E8.
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1. Introduction
In this paper we continue the programme, started in Cohen and Griess (1987), to classify
the finite quasisimple subgroups of E8(C). In particular we show that E8(C) has three
conjugacy classes of PSL(2, 41)-subgroups and two conjugacy classes of PSL(2, 49)-
subgroups. In earlier work Cohen et al. (1993) constructed PSL(2, 61) as a subgroup of
E8(C), Serre (1996) constructed PSL(2, 61) and two classes of PSL(2, 31)-subgroups in
E8(C), and Griess and Ryba (1998) constructed SL(2, 32) and three classes of PSL(2, 31)-
subgroups in E8(C). The only other finite simple group known to have a Lie primitive
embedding into E8(C) is Sz(8) (Griess and Ryba, 1999). (An embedding of a subgroup
into a Lie group is called Lie primitive if it does not factor through a lower rank Lie
subgroup.) For known examples of Lie primitive embeddings of finite simple groups into
other Lie groups of exceptional type see Cohen and Griess (1987); Kleidman and Ryba
(1993); Griess and Ryba (1994); Cohen and Wales (1995).
In order to show that a finite group, L say, arises as a subgroup of E8(C), we show
by explicit computation that L is embedded in a finite Chevalley group of type E8 in
some characteristic prime to |L|. The Lifting Lemma, Appendix B of Griess (1991),
states that such an embedding lifts to an embedding of L into E8(C). In this way we
reduce a question about subgroup structure of the infinite Lie group E8(C) to a finite
calculation in a finite Chevalley group. In the computations described in this paper, we
choose to work in a finite Chevalley group defined over a field of a (large) characteristic
such that certain elements of L belong to visible Cartan subgroups of the Chevalley
group. This approach was pioneered by Cohen et al. (1993) and was also used in Griess
and Ryba (1998). Different strategies, that work in small characteristics, are used for
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the computer constructions of Lie primitive subgroups of E7(C) in Griess and Ryba
(1994) and Kleidman and Ryba (1993). Although our general approach follows the plan
introduced in Cohen et al. (1993), there is one significant difficulty, anticipated in the
comment after 4.3 of Cohen and Wales (1995), that first occurs in our present work.
Whereas the embeddings of Cohen et al. (1993) and Griess and Ryba (1998) are obtained
by searching just an eight-dimensional toral subalgebra—the span of the centralizer of a
regular element in a Lie group of type E8, we need to search the larger dimensional span
of the centralizer of a non-regular, semisimple element. We describe our computational
methods for finding such centralizers and their linear spans in the adjoint representation
of E8 in Section 3.
A number of results allow us to use our computations to classify the conjugacy classes
of embeddings of a finite group L into E8(C). The most useful result here is Theorem
A.9 of Larsen’s Appendix to Griess and Ryba (1998); this states that the number of
conjugacy classes of embeddings of L into E8(C) equals the number of conjugacy classes
of embeddings of L into E8(k), whenever k is an algebraically closed field in characteristic
prime to |L|. (Theorem 1.20 of Griess and Ryba (1998) uses the extra condition of Lie
primitivity to derive the same conclusions.) The computations that we present in this
paper do give a complete classification of conjugacy classes of subgroups isomorphic to
PSL(2, 41) or PSL(2, 49), in appropriate algebraic groups of type E8. Thus, by applying
Larsen’s Theorem, we obtain complete conjugacy information in E8(C).
To guide our search and to verify that we have determined representatives for all con-
jugacy classes of embeddings, it is useful to have some information about the possibilities
for the restriction of the adjoint character of the Lie group to a subgroup L isomorphic
to PSL(2, 41) or PSL(2, 49). In Section 2, we consider these possibilities, and determine
partial information about possible character restrictions. In Sections 4 and 5, we obtain
complete character information. Throughout the paper we use the notation introduced
on page xxvii of Conway et al. (1985) for irrational character values.
In Section 3, we set up notation for working in the group E8(k) and we describe
our methods for computing centralizers of semisimple elements in this group. We also
describe a membership test for the group and we present a number of efficient methods
for performing linear algebra in the space of 248× 248 matrices.
In Sections 4 and 5, we give the details of our constructions of E8(C)-embeddings
of PSL(2, 41) and PSL(2, 49), respectively. For the group PSL(2, 41) we produce em-
beddings into E8(7541) and for PSL(2, 49) we produce embeddings into E8(1009). In
Sections 4 and 5 we use the notation and computations introduced in Section 3, we also
use the character theoretic information obtained in Section 2.
Generators for the matrix representations described in this article can be obtained
from the second author by e-mail.
2. Characters of PSL(2, 41) and PSL(2, 49) in E8
Suppose that L is a finite group that embeds into E8(k). A degree 248 (Brauer) char-
acter of the adjoint representation of E8(k) restricts us to a (Brauer) character of L, we
call this a character of the embedding of L in E8(k).
Lemma 2.1. Suppose that the characteristic of k is either 0 or prime to |PSL(2, 41)|.
Let χ be a character of an embedding of L ∼= PSL(2, 41) into E8(k). Let x and y be
elements of L of orders 41 and 7. Then χ(x) = 2 and χ(y) ∈ {1 + y7, 1 + y∗27 , 1 + y∗47 }.
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Proof. Note that, by the Lifting Lemma of Griess (1991), any embedding of PSL(2, 41)
into E8(k) lifts to an embedding of PSL(2, 41) into E8(C) with the same character. Thus
it suffices to prove our lemma for the case k = C. We make use of the character table
of PSL(2, 41), given in Chapter 38 of Dornhoff (1971), in particular we note that the
degrees of irreducible characters of PSL(2, 41) belong to the set {1, 21, 40, 41, 42}.
Now suppose that H is a quasisimple Lie group of rank at most 8 with L ≤ H ≤ E8(C).
The list of irreducible degrees of L makes it clear that the only possibilities for H are
F4(C), E6(C), E7(C), and E8(C). However, by Borel and Serre (1953), a subgroup 41:20
in L must normalize a torus of H and thus the Weyl group of H must contain an element
of order 20. This rules out all possibilities for H other than E8(C), and we deduce that L
is Lie primitive in E8(C). In particular, χ does not contain a copy of the trivial character.
We now consider the possible values that χ can take at an involution, t say, of L. We
know from Table 4 of Cohen and Griess (1987) that χ(t) ∈ {−8, 24}. However, there are
at most 248/21 irreducible constituents in χ, and from the known character table of L,
the trace of t on any irreducible constituent is at most 2. Thus χ(t) ≤ 496/21 < 24. We
deduce that χ(t) = −8. Now, the character table of L shows that χ can only be a sum of
four irreducible constituents of degree 42 and two irreducible constituents of degree 40.
In particular, χ must take the value 2 at x.
The element y has a fixed point space of dimension 6 in every irreducible 42-dimensional
representation of L, and it has a fixed point space of dimension either 4 or 6 in every
irreducible 40-dimensional representation. We deduce that the fixed point space of the
action of y on the adjoint representation of E8(C) has a dimension between 32 and 36.
We apply Table 4 of Cohen and Griess (1987) to deduce that y has class 7F in E8(C),
and that χ(y) is an algebraic conjugate of 1 + y7. 2
Lemma 2.2. Suppose that the characteristic of k is either 0 or prime to |PSL(2, 49)|. Let
χ be a character of an embedding of L ∼= PSL(2, 49) in E8(k). Let x and y be elements
of L of orders 7 and 25. Then χ(x) = 3 and χ(y) ∈ {−b5,−b∗5}.
Proof. As in Lemma 2.1 we may assume that k = C. The degrees of irreducible char-
acters of PSL(2, 49) belong to the set {1, 25, 48, 49, 50} (see the character table in Chap-
ter 38 of Dornhoff, 1971).
If L were not Lie primitive in E8(C), we could find a quasisimple Lie group H ≤ E8(C)
such that L is Lie primitive in H. In particular, Lemma 2.2 of Cohen and Griess (1993)
shows that the restriction to L of the adjoint representation of H contains no copies
of the trivial character. Now any partition of an element of {14, 52, 78, 133} as a sum
of degrees of irreducible characters of L must contain at least two copies of 1. Thus H
cannot have exceptional type. However, every non-exceptional quasisimple Lie subgroup
of E8(C) has a faithful projective representation of degree less than 24 and therefore
cannot contain a copy of L: a contradiction.
We conclude that L is Lie primitive in E8(C). Therefore, the character χ has no trivial
constituents. As in Lemma 2.1, there are not enough irreducible constituents in χ to
allow L to contain involutions of class 2A in E8(C), and we deduce that χ(t) = −8,
whenever t is an involution of L. The character table of L Dornhoff (1971) shows that
χ must have four irreducible constituents of degree 50 and one irreducible constituent of
degree 48. In particular, χ(x) = 3.
The element y5 has a fixed point space of dimension 10 in every irreducible 50-
dimensional representation and it has a fixed point space of dimension either 8 or 10
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in every irreducible 48-dimensional representation of L. We deduce that the fixed point
space of the action of y5 on the adjoint representation of E8(C) has a dimension between
48 and 50. We apply Table 4 of Cohen and Griess (1987) to deduce that y5 has class
5C in E8(C), and that the fixed point space of y5 is just eight-dimensional in the 48-
dimensional constituent of χ. The character table of L (Dornhoff, 1971) now shows that
y has a trace of either −b5 or −b∗5 on the 48-dimensional irreducible constituent of χ. 2
Proposition 2.3. The groups SL(2, 41), SL(2, 49), and PGL(2, 41) are not embedded
in E8(C).
Proof. Observe that the arguments used in Lemmas 2.1 and 2.2 to show that any
E8(C)-embedding of a group L with structure PSL(2, 41) or PSL(2, 49) must be Lie
primitive also show that the covering groups SL(2, 41) and SL(2, 49) are not embedded
in E8(C).
The group PGL(2, 41) cannot be embedded in E8(C), since otherwise an application
of Borel and Serre (1953), as in Lemma 2.1, would produce an embedding of 41:40 in the
normalizer of a torus. This gives an immediate contradiction since there are no elements
of order 40 in WE8 . 2
In Proposition 5.7 we shall show that the group PGL(2, 49) is not embedded in E8(C).
3. Computations in Chevalley Groups of Type E8
In this section we describe some methods for computing in the adjoint representation
of a Chevalley group of type E8. We also establish our notation for concepts used in work
with such a group.
We let k denote a finite field of size q and characteristic p. We compute using a copy
of E8(k) in the group of 248 × 248 matrices over k. We begin with a description of the
data structure that we use for such a group. We show, in Computation 3.2, that our
data structure provides a simple test to see whether a 248 × 248 matrix does represent
an element of our Chevalley group. The membership test is useful because it allows us
to perform calculations in GL(248, k) and then confirm that the results of our compu-
tations belong to E8(k). In Computations 3.5–3.7 we develop algorithms to analyse the
ideal structure of the fixed point subalgebra of a semisimple element of E8(k). In our
applications, we need this analysis for semisimple elements whose centralizers have copies
of PSL(2, k) as their only non-abelian composition factors. Accordingly, we restrict our
attention to this special case. However, we believe that our procedure can be adapted to
handle more general semisimple elements. We also give a number of efficient methods for
performing linear algebra in small subspaces of the space of all 248× 248 matrices.
We write G for the image of E8(k) under its adjoint representation. Thus G ∼= E8(k)
is a subgroup of GL248(k). We denote the natural 248-dimensional kG-module by E .
The module E supports a G-invariant Lie algebra structure of type E8. Let k be the
algebraic closure of k, and let E be the Lie algebra E⊗k k. We write G for the subgroup
of 248× 248 matrices over k that preserve E . Thus G is a copy of the ambient algebraic
group E8(k). We identify k with a subfield of k and E with a subring of E so that G is
identified with a subgroup of G.
Write  = (1, 2, . . . , 248) for a Chevalley basis of E . We create matrices representing
the actions of Chevalley generators of G on  by following the standard methods given
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in Chapter 4 of Carter (1972). Thus, for each fundamental root i, we store explicit
248 × 248 matrices giving the actions of the G-elements xi(1) and x−i(1). These 16
matrices generate G.
Let α be a multiplicative generator of k. Along with the Chevalley generators of G, it
is convenient to store matrices giving the actions of the standard elements ni, and hi(α)
of the root subgroup 〈xi(1), x−i(1)〉—see Chapter 6 of Carter (1972). We write H for
the subgroup of G generated by the matrices hi(α), this is a Cartan subgroup of G. We
write N for its normalizer in G, thus N is generated by H and the matrices ni.
We also store 248 sparse matrices giving the adjoint actions of the Chevalley basis
elements of the Lie algebra E—these actions are available from Chapter 4 of Carter
(1972). The final piece of information that we store about the group E8(k) is a G-
invariant bilinear form, written as 〈 , 〉. The form is just a scalar multiple of the Killing
form, we choose this scalar multiple so that 〈ei, e−i〉 = 1, whenever ei and e−i are basis
vectors from mutually negative root spaces.
Our data structure for E8(k) consists of 16 Chevalley generators, eight elements of the
form ni, eight elements of the form hi(α), 248 sparse matrices giving the adjoint action
of the invariant Lie algebra on E , and one matrix giving the invariant bilinear form on E .
The invariant bilinear form is conveniently computed by the following method of Parker.
Computation 3.1. To locate a G-invariant bilinear form on E.
Method. We note that if the matrix g represents an element of G and the matrix f
represents a G-invariant bilinear form then gfgT = f, so that f−1gf = (gT )−1. There-
fore f is a change of basis that transforms the representation of G on E to the dual
representation. The calculation of such a change of basis is a standard application of the
standard basis algorithm (SB) of the Meat-axe—see for example Parker (1984).
We include the multiplication actions of basis vectors of the Lie algebra in our descrip-
tion of the Lie group so that we can use the following straightforward method to test a
248× 248 matrix for membership in G.
Computation 3.2. To test whether a 248× 248 matrix over k belongs to G ∼= E8(k).
Method. (i) Select a small set (in practice a random pair) of algebra generators for the
Lie algebra E . Write this set as a1, a2, . . ., aI . Let ad(a1), ad(a2), . . ., ad(aI) denote their
adjoint actions of E . We compute these adjoint actions from our stored set of actions of
a Chevalley basis.
(ii) Calculate the matrices b1 = g−1ad(a1)g− ad(a1g), b2 = g−1ad(a2)g− ad(a2g), . . .,
bI = g−1ad(aI)g − ad(aIg).
(iii) Then g ∈ G iff each matrix bi is zero.
To justify this computation, we suppose that g meets the criteria of (iii). Let G =
{a ∈ E|g−1ad(a)g = ad(ag)}. Then G = {a ∈ E|[b, a]g = [bg, ag] for all b ∈ E}. The
Jacobi identity shows that G is a subalgebra of E . Since this subalgebra includes a set of
generators for E , we deduce that G = E . Hence, g preserves the Lie product on E .
Images of our preferred Chevalley basis, , under G give Chevalley bases for E ; other
Chevalley bases can be obtained by letting G act on certain resigned versions of  (see
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Carter, 1972, pp. 57–60). More generally, as in Griess and Ryba (1998), we use weak
Chevalley bases of E ; these are defined as follows.
Definition 3.3. Suppose that H is a Cartan subalgebra of E and that φ is a basis of E
such that every member of φ belongs either to H or to a root space relative to H. We
say that φ is a weak Chevalley basis with respect to H if 〈φ1, φ2〉 = 1, whenever φ1 and
φ2 are elements of φ that belong to mutually negative non-zero root spaces (with respect
to H).
Suppose that b1 and b2 are elements of a weak Chevalley basis φ that come from mu-
tually negative non-zero root spaces with respect to a corresponding Cartan subalgebra
Hφ. Then there is a Chevalley basis (with respect to Hφ) that contains the pair b1, b2.
In particular, we can use the methods of Chapters 4 and 6 of Carter (1972) to produce
generating matrices for the corresponding Cartan subgroup, for a Chevalley involution
that inverts elements of this Cartan subgroup, and for the normalizer of this Cartan
subgroup in G.
We say that an element s ∈ G is diagonalizable if it lies in a Cartan subgroup of
G. In particular, s lies in a maximal torus of the ambient algebraic group. Therefore s
is semisimple. It is clear that s is diagonalizable in G iff it acts diagonally on a weak
Chevalley basis of E . Given an element s ∈ G, we write Es for the fixed point subalgebra
of s on E .
If s is a diagonalizable element of G, then the Lie algebra Es decomposes as a direct sum
of a maximal abelian ideal and a sum of simple ideals. We recover a Cartan subalgebra for
E as the sum of the abelian ideal and Cartan subalgebras of the simple ideals. Moreover
s belongs to the Cartan subgroup of G that corresponds to this Cartan subalgebra. The
following computations show that for a diagonalizable element s, we can compute the
ideal decomposition of Es. Moreover, in the special case where the only simple ideals in
the decomposition have type A1(k), we show how to compute a Cartan subalgebra of the
type described above.
Computation 3.4. Given an element s ∈ G, we construct a basis for Es and the Lie
actions of vectors of this basis on Es.
Method. We can easily compute Es, the fixed point space of s, by calculating a basis
for the null space of s− 1.
To compute the Lie algebra structure on Es, we just calculate the Lie multiplication
actions of basis vectors of Es on E , from the stored adjoint action of a basis of E . A
routine null space computation now produces the restrictions of these Lie multiplication
actions to Es.
The following computation shows that for any Lie algebra, in particular for Es, we can
determine the minimal ideals efficiently.
Computation 3.5. Given a Lie algebra L, we compute bases for the ideals and minimal
ideals of L.
Method. We view L as a module for the enveloping algebra of L. The ideals of L are
submodules and the minimal ideals are irreducible submodules. These submodules can
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be determined by the Meat-axe (Parker, 1984), although as we observe below, it is a
good idea to modify the usual algorithm slightly.
As input, we supply the Meat-axe with matrices giving the adjoint actions of a basis
of the Lie algebra L. Linear combinations of these matrices usually have high nullities, so
it is not a good strategy to look for combinations with a nullity of 1. Instead, we locate a
random linear combination of the input matrices that has an eigenvalue with multiplicity
1. We then spin the corresponding eigenspace to search for a submodule as in standard
implementations of the Meat-axe.
In this paper we encounter elements s ∈ G for which the simple components of Es all
have type sl(2, k) ∼= A1(k). In this situation, we must find a Cartan subalgebra such that
s acts on the corresponding root spaces. Therefore, we need to locate Cartan subalgebras
of ideals of type A1(k). We observe that, in odd characteristics, a non-zero element of
the Lie algebra A1(k) ∼= sl(2, k) is diagonalizable if its image in the two-dimensional
representation has two distinct eigenvalues in k; equivalently, its image in the adjoint
representation has three distinct eigenvalues in k. A non-zero diagonalizable element of
A1(k) spans a Cartan subalgebra.
Computation 3.6. Suppose that k is a finite field of odd characteristic. Given structure
constants that define a Lie algebra isomorphic to A1(k), we locate a non-zero diagonal-
izable element of the Lie algebra.
Method. Under the action of GL(2, k) there are (q− 1)/2 classes of non-zero diagonal-
izable elements and each class has q(q + 1) members. Thus, out of q3 elements in the
Lie algebra sl(2, k), there are (q3 − q)/2 non-zero diagonalizable elements. Therefore, a
random search for a combination of generators that has three distinct eigenvalues in k
quickly produces a non-zero diagonalizable element.
Note that we can use Computation 3.6 to verify that a Lie algebra in odd characteristic
does have structure A1(k) as follows. We find a non-zero diagonalizable element, h say
(if we are unable to find an h quickly, we have strong probabilistic evidence that the
algebra does not have type A1). We replace h by a scalar multiple so that its eigenvalues
are 0, 2, −2. Let e and f denote eigenvectors of h with distinct non-zero eigenvalues.
Replace f by a multiple so that in the Lie algebra [e, f ] = h. Then our algebra is
isomorphic to A1(k) iff e, f and h span the algebra and satisfy the standard presentation:
[e, f ] = h, [h, e] = 2e, [h, f ] = −2f .
Computation 3.7. Given a diagonalizable element s ∈ G such that Es decomposes as a
direct sum of an abelian ideal and simple ideals of type A1, we compute:
(i) A weak Chevalley basis φs consisting of eigenvectors of s on E.
(ii) An involution u in G that inverts s.
(iii) A subgroup C(s) in CG(s), such that C(s) is an extension S.T where S is a direct
product of r copies of SL(2, k) and T is a direct product of 8 − r copies of the
multiplicative group of k.
Method. (i) We apply Computation 3.5 to find bases for simple ideals of type A1 and
the maximal abelian ideal in Es. We apply Computation 3.6 to adjoin a diagonalizable
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element from each A1 ideal to a basis for the abelian ideal. The result is a basis for an
eight-dimensional Cartan subalgebraHs of E . Now s fixes every element ofHs. Therefore,
s acts on the root spaces of Hs. Moreover we can compute root spaces of Hs by an
eigenvalue computation. We rescale root spaces according to Definition 3.4, to obtain a
weak Chevalley basis φs that consists of eigenvectors of s.
(ii) By (i), we construct a weak Chevalley basis on which s acts diagonally. The element
s commutes with the corresponding Cartan subgroupHs, and sinceHs is maximal abelian
in G, s ∈ Hs. In particular a Chevalley involution for Hs inverts s.
(iii) We compute generators for the Cartan subgroup Hs described in (ii). Moreover,
for each A1(k) ideal, we compute a root subgroup in G. These root subgroups generate
a group S whose structure is the direct product of copies of SL(2, k). The group S is
normalized by Hs (since Hs preserves the corresponding root spaces). Moreover, S ∩Hs
is a direct product of copies of the multiplicative group of k, one copy for each SL(2, k)
factor in S. Hence, C(s) := 〈S,Hs〉 has the indicated structure.
In our final two computations we view the set of 248× 248 matrices as a vector space
of dimension 248 × 248. Our first computation is used to calculate linear dependencies
among small sets of matrices. This computation is similar to the sampling technique of
Calculation 3.3′ in Ryba and Wilson (1994).
Computation 3.8. Suppose that S = {s1, s2, . . . , sM} is a set of linearly independent
d×d matrices, and s is another d×d matrix. We determine whether s can be written as a
linear combination of elements of S and, if it can, we determine the linear combination.
Method. Pick an integer N , with N > M . Select N random row vectors, ρj for j =
1, 2, . . . , N , and N random column vectors, κj for j = 1, 2, . . . , N . For each matrix si ∈ S,
we calculate si, a vector with N components, the jth component being given by ρjsiκj .
The vectors si form the rows of an M × N matrix, S. In the unlikely event that S has
rank less than M , we start again and reselect a new set of random row and column
vectors.
We now form a vector s with N components, the jth given by ρjsκj . If s can be written
as a linear combination of matrices in S, then s is the same combination of rows of S. We
need only apply Gaussian elimination to an N ×N matrix to determine whether such a
linear combination exists and, if it does, we test whether the corresponding combination
of matrices in S agrees with s.
Our final computation is probabilistic, but in our applications we are able to supply
extra information to prove that it has generated the correct answer. In the following
computation, our viewpoint is that the the matrix group C is so large that we do not
wish to enumerate its elements.
Computation 3.9. We are given generators of a subgroup C of 248×248 matrices. We
determine a subset of C that consists of linearly independent 248× 248 matrices, which
is likely to span the space of linear combinations of matrices in C.
Method. Our method is applicable to situations where the subspace of matrices spanned
by elements of C is relatively small. (We have used this computation successfully for
matrix groups that span spaces of dimensions as large as 1069.) We work with a list of
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matrices from C that are definitely independent, but which might not span the whole
space spanned by C.
Pick an integer K, the larger the value of K, the better our confidence that we will
produce a spanning set. Initialize a list of matrices to be empty. Repeatedly generate a
(random) element of C, and if it is independent of previous entries of the list of matrices
add it to the list. (We use the method of Computation 3.8 to test for linear independence
in the space of 248 × 248 matrices. Moreover, by using a value of N that we expect
to exceed the dimension of the span of C, in the method of Computation 3.8, we can
avoid repeating most of the work required to calculate the matrix S in our repeated
applications of Computation 3.8.) Stop when K successive random group elements are
already spanned by our list of matrices.















generate the group SL(2, 41). The images, x∗, s∗ and t∗ of these matrices modulo scalar
matrices generate the group PSL(2, 41), and satisfy a presentation
(x∗)41 = (s∗)20 = (t∗)2 = (t∗x∗)3 = (t∗s∗)2 = (s∗x∗t∗)21 = 1, x∗s∗ = s∗(x∗)2. (4.1)
Let k be a field of prime order 5741 and let k be the algebraic closure of k. We shall first
describe our computer construction of three non-conjugate triples of matrices x, s and t
that satisfy the relations (4.1) in the group E8(k). By the Lifting Lemma of Griess (1991)
this shows that PSL(2, 41) is a subgroup of E8(C). We then show that, up to conjugacy,
any triple of matrices in the ambient algebraic group E8(k) that satisfy (4.1) is conjugate
to one of our three triples or to one of their images under an outer automorphism of
PSL(2, 41). By Larsen’s Theorem (Griess and Ryba, 1998), this shows that there are
exactly three classes of PSL(2, 41)-subgroups in E8(C).
We choose to work in characteristic 5741 = 41 × 20 × 7 + 1 so that the elements x
and s of orders 41 and 20 lie in (different) Cartan subgroups of E8(k). We remark that
we could consider working over a field of characteristic 821 = 41 × 20 + 1. Working in
this alternative characteristic, we could still locate elements satisfying the relations of
x and s in Cartan subgroups. However, Lemma 2.1 shows that there is no embedding
PSL(2, 41) ≤ E8(821), since the irrationality y7 cannot be realized over the field F821.
Thus, in order to avoid computations in an extension of the prime field, we opt for
computation in characteristic 5741.
We use the notation set up in Section 3, in particular G is a copy of E8(k), and
G is the ambient algebraic group. We use the invariant Lie algebra E and our chosen
Chevalley basis . We write H for the Cartan subgroup of G determined by  and N for
the normalizer of H in G. The group N/H has structure WE8 ∼= 2·O+(8, 2). We shall use
the class names and character information about WE8 and Ω
+(8, 2) from Conway et al.
(1985), page 85. In Conway et al. (1985), the group Ω+(8, 2) is called O+8 (2).
Construction 4.1. To construct one pair of matrix representatives of x and s in G.
Method. We know generators for N/H, namely the images of the eight matrices ni.
The subgroup W˜ of N that is generated by these eight matrices has structure 28.WE8 .
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We locate an element s of W˜ that maps to one of the classes 10B and 10C of Ω+(8, 2) ≤
WE8/Z(WE8) (these classes are fused by an outer automorphism). Note that 1/10th of
all elements of [W˜ , W˜ ] meet this requirement, so it is easy to produce such an element
s by computing random products of generators of W˜ . The structure of W˜ shows that s
must be an element of order 20.
We know generators of H, namely the eight matrices hi(α). We construct H41 as the
subgroup generated by the 140th powers of these matrices. Thus H41 is an elementary
abelian group of order 418. We form an 8×8 matrix, s, with entries in the finite field F41,
that gives the action of s on H41. The irreducible character of WE8 of degree 8 shows that
the eigenvalues of s must be the eight primitive 20th roots of unity in F41. We compute
the eigenvector of s that has eigenvalue 2, and we calculate the corresponding element,
x, of the matrix group H41.
The matrices x and s must satisfy the relations: x41 = s20 = 1, xs = sx2.
An application of Computation 3.3 shows that the fixed point space of s on E decom-
poses as a sum of ideals of types A1, A1 and a six dimensional abelian ideal. Moreover,
Computation 3.4 shows that s is diagonalizable. Further, Computation 3.4 gives a partic-
ular Chevalley involution u that inverts s. Of course, we could modify u by multiplying it
by involutions that centralize s to obtain other involutions that invert s. The remainder
of our computational work is devoted to the determination of exactly which of these
modifications of u could combine with x to generate a copy of PSL(2, 41).
Computation 3.4 also provides a subgroup, C(s) say, in CG(s) with C(s) ∼= GL(2, k)×
GL(2, k) × k∗ × k∗ × k∗ × k∗. We write M(s) for the subspace of 248 × 248 matrices
over k, that is spanned by the elements of C(s). Computation 3.9 generates 527 linearly
independent elements of M(s). We write M(s) for the space of matrices over k that is
spanned by the matrices in CG(s).
Lemma 4.2. dim(M(s)) = 527 and dim(M(s)) = 527.
Proof. Since C(s) ≤ CG(s) ≤ CG(s), we have dim(M(s)) ≥ dim(M(s)) ≥ 527.
Now, s is a semisimple element of the connected, simply connected reductive algebraic
group G so, by 3.5.3 and 3.5.6 of Carter (1985), we can write CG(s) as a product (S1 ×
S2)T , where T is a torus and S1 ∼= S2 ∼= SL(2, k) are root groups with respect to T . We
write ρ1 and ρ2 for the roots of T that correspond to S1 and S2.
The ST -module E decomposes as a direct sum of:
(i) Two three-dimensional modules (generated by the root spaces corresponding to ρ1
and ρ2).
(ii) 60 non-trivial one-dimensional modules (each given by a root space for a root or-
thogonal to both ρ1 and ρ2).
(iii) Sixty-four two-dimensional non-trivial modules (each generated by a root space for
a root that is orthogonal to exactly one of ρ1 and ρ2).
(iv) Twelve four-dimensional non-trivial modules (each generated by a root space for a
root that is not orthogonal to either ρ1 or ρ2).
(v) A direct sum of six copies of the trivial module (spanned by vectors of the Cartan
subalgebra that are orthogonal to ρ1 and ρ2).
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Thus the matrices representing ST span a space of dimension at most 2× 32 + 60× 12 +
64× 22 + 12× 42 + 1 = 527. 2
Suppose now that t ∈ G extends x, s to a triple that satisfies relations (4.1). The ele-
ment t must have the form cu, where u is the Chevalley involution defined just before the
last lemma, and c is an as yet undetermined element of CG(s) such that xcu has order 3. In
particular, cuxcux = x−1u−1c−1. Further, suppose that h belongs to the six-dimensional
subspace of E that is fixed by CG(s). Then huxcux = hcuxcux = hx−1u−1c−1, thus:
huxcux = hx−1u−1c−1. (4.2)
Let us view c as an element of the vector space M(s), so that the conditions of (4.2) give
1488 = 6× 248 linear conditions on s. The coefficients of the linear conditions lie in the
field k. A standard application of Gaussian elimination, on a 1488× 527 matrix, over k,
shows that these linear conditions determine a three-dimensional subspace M0 in M(s).
Thus we have established:
Lemma 4.3. If t ∈ G extends x, s to a copy of PSL(2, 41) then t ∈ (M0 ∩G)u.
We know of no convenient way to obtain the intersection M0 ∩ G, so we proceed by
finding other linear conditions that must be satisfied by matrices in this intersection. We
observe that tx4, tx27, tx11 represent an element in PSL(2, 41) of order 7, a conjugate of
its square and a conjugate of its fourth power, respectively. Lemma 2.1 shows that the
triple (Tr(cux4), Tr(cux27), Tr(cux11)) must be a cyclic rearrangement of (y7 + 1, y∗27 +
1, y∗47 + 1). (In the algebraic closure of k = F5741, the triple (y7 + 1, y
∗2
7 + 1, y
∗4
7 + 1) is
represented by the k-elements (659, 2388, 2696).) Now, the matrix c belongs to the three-
dimensional linear space M0, and each cyclic rearrangement gives three (inhomogeneous)
linear conditions on c. By inverting a 3 × 3 matrix with entries in k, we compute a set,
U0 say, of just three possibilities for c. Moreover each of these possibilities is a matrix
with entries in k. We have thus established:
Lemma 4.4. If t ∈ G extends x, s to a copy of PSL(2, 41) then t ∈ (U0 ∩G)u, where U0
is a computed set of three possibilities.
It remains to determine U0∩G and to show that if t ∈ (U0∩G)u, then x, s, t do satisfy
relations (4.1). It is straightforward to verify that for all three possibilities for c, the
triple (x, s, t = cu) does satisfy (4.1). Moreover, three applications of Computation 3.2
show that U0 = U0 ∩G = U0 ∩G.
We calculate the (Brauer) character for each of our embeddings by finding the eigen-
values of the following elements of 〈x, s, t〉: 1, t, tx, s5, s4, (sxt)3, s2, s, sxt and x. These
represent classes of elements of orders 1, 2, 3, 4, 5, 7, 10, 20, 21 and 41 in L. The char-
acters of our embeddings are described by Table 1 where we specify character values
on one class of each order (the represented class of elements of order 7 is the cube of
the represented class of elements of order 21). Values on other classes are obtained by
applying algebraic conjugations. We have now established:
Theorem 4.5. There are at least three conjugacy classes of subgroups isomorphic to
PSL(2, 41) in E8(k) and in E8(k). The characters of the corresponding embeddings are
as given in Table 1.
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Table 1. The possible characters χi of PSL(2, 41) in E8.
Order of element
in PSL(2, 41) 1 2 3 4 5 7 10 20 21 41
χ1 248 −8 −4 0 −2 1 + y∗47 2 0 1 + y7 2
χ2 248 −8 −4 0 −2 1 + y7 2 0 1 + y∗27 2
χ3 248 −8 −4 0 −2 1 + y∗27 2 0 1 + y∗47 2
As an immediate corollary we see that there are at least three classes of subgroups
isomorphic to PSL(2, 41) in E8(C). In order to see that there are no other classes of such
subgroups we need to show that we have obtained all classes of PSL(2, 41) subgroups in
E8(k).
Lemma 4.6. Let x and s be elements of G that satisfy the relations x41 = s20 = 1, x s =
s x2. Suppose further that all elements of 〈x〉 have trace 2. Then the pair (x, s) is G-
conjugate to either (x, s) or (x3, s).
Proof. Note first that x and x3 cannot be G conjugate, otherwise 41:40, would embed
in G. Then, by the Lifting Lemma of Griess (1991), 41:40 would embed in E8(C). How-
ever, every supersolvable subgroup of E8(C) is contained in the normalizer of a torus
(Borel and Serre, 1953). Thus, there would have to be an element of order 40 in WE8 , a
contradiction. Thus there are at least two G-conjugacy classes on pairs x s that satisfy
the given relations, and these classes are represented by (x, s) and (x3, s).
Now the matrices representing the group 〈x, s〉 have entries in some finite extension of
the prime field k. Thus there is a finite Chevalley group G1, of type E8, with G ≤ G1 ≤ G
and 〈x, s〉 ≤ G1. The order formula for groups of type E8 shows that a Cartan subgroup of
G1 contains a Sylow 41-subgroup of G1. Moreover the 41-torsion of this Cartan subgroup
is contained in a G1-conjugate of a Cartan subgroup of G. Hence, by replacing 〈x, s〉 by
a conjugate, we may assume that 〈x〉 lies in the Cartan subgroup H of G.
The trace condition shows that 〈x〉 fixes just an eight-dimensional subspace of E .
This eight-dimensional fixed space must be the Cartan subalgebra that corresponds to
H. We deduce that NG1(〈x〉) ≤ NG1(H). Therefore, 〈x, s〉 ≤ NG1(H). In particular, s
maps to an element of NG1(H)/CG1(H) ∼= WE8 that has a primitive 20th root of 1 as an
eigenvalue in the eight-dimensional representation. Therefore, the image of s is conjugate
to the image of s in the Weyl group. However, since s acts fixed point freely on a Cartan
subgroup of G1, the element s is conjugate in NG1(H) to all elements of NG1(H) with
the same WE8-image. Thus we may replace x and s by a conjugate pair such that s = s
and x is in the Cartan subgroup of G1 that contains H. Now the relation x s = s x2
shows that x belongs to the subgroup 〈x〉. 2
Lemma 4.7. Suppose that P ∼= PSL(2, 41) is a subgroup of G, then there are elements
g and t in G such that P g is generated by a triple of elements (x, s, t) that satisfy rela-
tions (4.1).
Proof. The group P is generated by x0, s0 and t0 that satisfy (4.1). Let α be an outer
automorphism of P that fixes s0 and maps x0 to its cube. Then P is also generated by the
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images of x0, s0 and t0 under α and these images still satisfy (4.1). Now by Lemmas 2.1
and 4.6, one of the pairs (x0, s0) and (xα0 , s
α
0 ) is G-conjugate to (x, s). Thus we may pick
g ∈ G so that P g is generated by a triple (x, s, t) that satisfies (4.1), where t is either tg0
or tαg0 . 2
From Lemmas 4.7 and 4.4 we see that there are exactly three conjugacy classes of
subgroups isomorphic to PSL(2, 41) in G. Moreover, since we have already seen that
for each copy of 41:20 in G we obtain two embeddings, the three classes of PSL(2, 41)-
subgroups give six conjugacy classes of embeddings in G. Lifting to characteristic 0 (and
if necessary passing down to another characteristic prime to |L|), by Larsen’s Theorem
(Griess and Ryba, 1998) we have now completed the proof of the following.
Theorem 4.8. Let K be an algebraically closed field of characteristic that does not divide
|PSL(2, 41)|. There are three conjugacy classes of PSL(2, 41)-subgroups in E8(K), the
subgroups give rise to six conjugacy classes of embeddings into E8(K). The characters of
the embeddings are as given in Table 1.
5. Embeddings of PSL(2, 49) in Groups of Type E8
In this section we classify embeddings of PSL(2, 49) into E8(C). The methods and
results of this section are very similar to those of Section 4. Addition complications arise
because 49 is a prime power rather than a prime. We remark that although computer
free constructions are now known for Lie primitive embeddings of PSL(2, p)-subgroups of
E8(C), there is no other construction for an embedding of PSL(2, 49). We have therefore
made an effort to supply enough detail for a reader to reconstruct our embedding of
PSL(2, 49).
Let ω be a multiplicative generator of the finite field F49 that satisfies the minimal














generate the group SL(2, 49). The images, x∗, s∗ and t∗ of these matrices modulo scalar
matrices generate the group PSL(2, 49), and satisfy a presentation
(x∗)7 = (s∗)24 = (t∗)2 = (t∗x∗)3 = (t∗s∗)2 = 1
(x∗s∗t∗)25 = s∗−2x∗s∗x∗5s∗x∗2 = [x∗, x∗s
∗
] = 1. (5.1)
Let k be a field of prime order 1009 and let k be the algebraic closure of k. We compute
two non-conjugate triples of matrices x, s and t that satisfy relations (5.1) in the group
E8(k). By the Lifting Lemma of Griess (1991) this shows that PSL(2, 49) is a subgroup
of E8(C). We then show that, up to conjugacy, any triple of matrices in the ambient
algebraic group E8(k) that satisfy (5.1) is conjugate to one of our two triples or their
images under an outer automorphism of PSL(2, 49). By Larsen’s Theorem (Griess and
Ryba, 1998) this shows that there are exactly two classes of PSL(2, 49) subgroups in
E8(C). We choose to work in characteristic 1009 = 7× 24× 6 + 1 so that the elements x
and s of orders 7 and 24 lie in (different) Cartan subgroups of E8(k).
We use the notation of Sections 3 and 4. In particular, G ∼= E8(k), E is the invariant
Lie algebra, and G is the ambient algebraic group. We pick a Chevalley basis  of E , and
denote the corresponding Cartan subgroup and its normalizer in G by H and N .
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Construction 5.1. To construct one pair of matrix representatives of x and s in G.
Method. Let W˜ ∼= 28.WE8 denote the subgroup of N that is generated by the eight
matrices ni. Using a random search, we locate an element s of W˜ that maps to one of
the classes 12F and 12G of Ω+(8, 2) ∼= WE8/Z(WE8) (these classes are fused by an outer
automorphism). Note that 1/12th of all elements of [W˜ , W˜ ] meet this requirement, so
the random search is appropriate. The structure of W˜ shows that s has order 24.
Let H7 ∼= 78 be the 7-torsion of H (generated by the 144th powers of our generators
of H). We form an 8 × 8 matrix, s, with entries in the finite field F7, that gives the
action of s on H7. The irreducible character of WE8 of degree 8 shows that the matrix s
decomposes as a sum of four irreducible 2×2 blocks: the blocks can be diagonalized over
a quadratic extension of F7. On exactly one of these blocks, s has minimal polynomial
X2−2X+ 2 = 0. We use the Meat-axe to locate this block of s: let x be any vector from
the block. Then x s2 = 2x s− 2x. Select x as the element of H7 that corresponds to the
vector x. We have: x7 = s24 = s−2xsx5sx2 = [x, xs] = 1.
An application of Computation 3.3 shows that the fixed point space of s on E decom-
poses as a sum of an ideal of type A1, and a seven-dimensional abelian ideal. Computa-
tion 3.4 shows that s is diagonalizable. Moreover, Computation 3.4 locates a Chevalley
involution u that inverts s. Finally, Computation 3.4 provides a subgroup, C(s) say, in
CG(s) with C(s) ∼= GL(2, k)×k∗×k∗×k∗×k∗×k∗×k∗. We write M(s) for the subspace
of 248× 248 matrices over k, that is spanned by the elements of C(s). An application of
Computation 3.9 produces 360 linearly independent elements of M(s). Write M(s) for
the space of matrices over k spanned by the matrices in CG(s).
Lemma 5.2. dim(M(s)) = 360 and dim(M(s)) = 360.
Proof. Since C(s) ≤ CG(s) ≤ CG(s), we have dim(M(s)) ≥ dim(M(s)) ≥ 360. Just as
in Lemma 4.2 we can prove that dim(M(s)) ≤ 1× 32 + 126× 12 + 56× 22 + 1 = 360. 2
As in Section 4, if t ∈ G extends x, s to a triple that satisfies the relations (5.1), then
t has the form cu, where u is the previously chosen Chevalley involution that inverts s,
and c is an element of CG(s) such that xcu has order 3. Therefore, just as in Section 4,
if h belongs to the seven-dimensional subspace of E that is fixed by CG(s). Then:
huxcux = hx−1u−1c−1. (5.2)
View c as an element of the vector space M(s), so that the conditions of (5.2) give
1736 = 7× 248 linear conditions (with coefficients in k) on s. Gaussian elimination, on a
1736×360 matrix, over k, shows that these linear conditions determine a two-dimensional
subspace M0 in M(s). Thus we have established the following.
Lemma 5.3. If t ∈ G extends x, s to a copy of PSL(2, 49) then t ∈ (M0 ∩G)u.
Observe that txs, tx2xs represent an element in PSL(2, 49) of order 25, and a conju-
gate of its square. Lemma 2.2 shows that the pair (Tr(cuxs), Tr(cux2xs)) must be either
(−b5,−b∗5) or (−b∗5,−b5). (In the algebraic closure of k = F1009, the pair (−b5,−b∗5) is
represented by the k-elements (627, 383).) Each potential trace pair gives two (inhomo-
geneous) linear conditions on c (which is already known to lie in the two-dimensional
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Table 2. The possible characters χi of PSL(2, 49) in E8.
Order of element in PSL(2, 49) 1 2 3 4 5 6 7 8 12 24 25
χ1 248 −8 −4 0 −2 4 3 0 0 0 −b5
χ2 248 −8 −4 0 −2 4 3 0 0 0 −b∗5
space M0). By inverting a 2 × 2 matrix with entries in k, we compute a set, U0 say, of
two possibilities for c. Each of these possibilities is represented by a matrix with entries
in k. We have thus established the following.
Lemma 5.4. If t ∈ G extends x, s to a copy of PSL(2, 49) then t ∈ (U0 ∩G)u, where U0
is a computed set of two possibilities.
It remains to determine U0∩G and to show that if t ∈ (U0∩G)u, then x, s, t do satisfy
the relations (5.1). It is straightforward to verify that both possibilities for t give a triple
(x, s, t) that does satisfy (5.1). Moreover, two applications of Computation 3.2 show that
U0 = U0 ∩G = U0 ∩G.
We calculate the (Brauer) character for each of our embeddings by finding the eigen-
values of the following elements of 〈x, s, t〉: 1, t, tx, s6, (xst)5, s4, x, s3, s2, s and xst.
These elements represent classes of orders 1, 2, 3, 4, 5, 6, 7, 8, 12, 24 and 25 in L. The
characters of our embeddings are described by Table 2 where we specify character values
on one class of each order. Values on other classes are obtained by applying algebraic
conjugations. We have now established the following.
Theorem 5.5. There are at least two conjugacy classes of subgroups with structure
PSL(2, 49) in E8(k) and in E8(k). The characters of the resulting embeddings are as
given in Table 2.
As an immediate corollary we see that there are at least two classes of subgroups
isomorphic to PSL(2, 49) in E8(C). In order to see that there are no other classes of such
subgroups we need to show that we have obtained all classes of PSL(2, 49) subgroups in
E8(k).
Lemma 5.6. Let x and s be elements of G that satisfy the relations:
x7 = s24 = s22x s x5s x2 = [x, xs] = 1.
Suppose further that all elements of 〈x, xs〉 have trace 3. Then the pair (x, s) is G-
conjugate to exactly one of the pairs (x, s) and (xxs, s).
Proof. Note first that x and y = xxs are not conjugate in 72:24. Note also that y and
s satisfy the relations: y7 = s24 = s22ysy5sy2 = [y, ys] = 1.
Now if the pair (x, s) were conjugate to the pair (xxs, s) in G. There would be an
element s1 in G that normalizes the group 〈x, xs〉 and centralizes s, such that 〈s, s1〉 acts
transitively on the non-trivial elements of 〈x, xs〉. A standard eigenvalue computation
shows that the fixed point space of 〈x, xs〉 on E is just eight-dimensional and is therefore
the Cartan subalgebra that corresponds to H. Thus 〈x, s, s1〉 ≤ NG(H); hence 〈s, s1〉
maps to a subgroup of the Weyl group. Since the image of s is self-centralizing in the Weyl
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group, the orbit of 〈s, s1〉 on 〈x, xs〉 cannot be larger than the orbit of s, a contradiction.
We deduce that there are at least two G-conjugacy classes on pairs satisfying the given
relations, and two such classes are represented by (x, s) and (y, s).
Now the matrices representing the group 〈x, s〉 have entries in some finite extension of
the prime field k. Thus there is a finite Chevalley group G1, of type E8, with G ≤ G1 ≤ G
and 〈x, s〉 ≤ G1. The order formula for groups of type E8 shows that a Cartan subgroup
of G1 contains a Sylow 7-subgroup of G1. Moreover the 7-torsion of this Cartan subgroup
is contained in a G1-conjugate of a Cartan subgroup of G. Hence, by replacing 〈x, s〉 by
a conjugate, we may assume that 〈x, xs〉 lies in the Cartan subgroup H of G.
The trace condition shows that 〈x, xs〉 fixes just an eight-dimensional subspace of E .
This eight-dimensional fixed space must be the Cartan subalgebra that corresponds to
H. We deduce that NG1(〈x, xs〉) ≤ NG1(H). Therefore, 〈x, s〉 ≤ NG1(H). In particular,
s maps to an element of NG1(H)/CG1(H) ∼= WE8 that has a primitive 24th root of 1 as
an eigenvalue in the eight-dimensional representation. Thus the image of s is conjugate
to the image of s in the Weyl group. However, since s acts fixed point freely on a Cartan
subgroup of G1, the element s is conjugate in NG1(H) to all elements of NG1(H) with the
same WE8-image. Thus we may replace x and s by a conjugate pair such that s = s and
x is in the Cartan subgroup of G1 that contains H. Now the relation s22x s x5s x2 = 1
shows that x belongs to the subgroup 〈x, xs〉. 2
Proposition 5.7. The group PGL(2, 49) is not embedded in E8(C).
Proof. Suppose that the elements x, s, t satisfy relations (5.1) and lie in a group L with
structure PGL(2, 49). Then in L the pairs (x, s) and (xxs, s) are conjugate. However, by
the argument of Lemma 5.6 these pairs are not conjugate in E8(C) . 2
Lemma 5.8. Suppose that P ∼= PSL(2, 49) is a subgroup of G, then there are elements
g and t ∈ G such that P g is generated by a triple of elements (x, s, t) that satisfy rela-
tions (5.1).
Proof. The group P is generated by x0, s0 and t0 that satisfy (5.1). Let α be an outer
automorphism of P that fixes s0 and maps x0 to x0xs00 . Then P is also generated by the
images of x0, s0 and t0 under α and these images still satisfy (5.1). Now by Lemmas 2.2
and 5.6, one of the pairs (x0, s0) and (xα0 , s
α
0 ) is G-conjugate to (x, s). Thus we may pick
g ∈ G so that P g is generated by a triple (x, s, t) that satisfies (5.1), where t is either tg0
or tαg0 . 2
From Lemmas 5.8 and 5.4, we see that there are exactly two conjugacy classes of sub-
groups isomorphic to PSL(2, 49) in G. Moreover, since we have already seen that for each
copy of 72:24 in G we obtain two embeddings, the two classes of PSL(2, 49)-subgroups
give four conjugacy classes of embeddings in G. We now apply Larsen’s Theorem (Griess
and Ryba, 1998) to complete the proof of the following.
Theorem 5.9. Let K be an algebraically closed field of characteristic that does not divide
|PSL(2, 49)|. There are two conjugacy classes of PSL(2, 49)-subgroups in E8(K), the
subgroups give rise to four conjugacy classes of embeddings into E8(K). The characters
of the embeddings are as given in Table 2.
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